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Abstract

This paper examines the consequences of introducing an idiosyncratic uncertain
interest rate in a standard life-cycle model a la Auerbach and Kotlikoff (1987).
Since the labor market has no uncertainty, labor earnings are used by the
consumers to compensate for the risks in the capital market. The multi-period
generd equilibrium model introduces the possibility for consumers to adjust their
labor supply ex post in response to new information becoming available (in addition
to the opportunity to hedge ex ante).

Increased uncertainty causes the number of hours worked to increase, since some
old agents start supplying labor to compensate the poor performance of ther
savings. The framework also makes it possible to quantify the value of labor supply
flexibility for these old agents.

JEL classification: D58, D91, H2.
Keywords: idiosyncratic interest rate uncertainty, labor supply flexibility.
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1 Introduction

In a recent article in Economic Modelling, Basu, Gosh and Kallianiotis
(2001) analyzed the effects of interest rate risk on labor supply and unem-
ployment. The key idea in the paper is that in a basic consumption/savings
life-cycle model, interest rate risk will influence the expected benefits from
savings. In response the consumer may ex ante choose to adjust his (risk-
less) labor supply to compensate for the risk he faces in the capital markets
- in other words labor supply can be used to "hedge” capital earnings.

However, the partial equilibrium analysis by Basu, Gosh and Kallianiotis
(2001) is based on a closed-form solution to a simple two-period model, and
this places some severe restrictions on the analysis. This paper approaches
the problem from a different angle: we use a standard Computable General
Equilibrium (CGE) model to investigate the effects of interest rate risk. This
approach makes it possible to examine a more realistic model than the two-
period model. Often a multi-period problem can be reduced to a two-period
problem, but it can in this particular case only be done at the expense of
important simplifications of the problem.

Below we present an alternative multi-period formulation similar to Auer-
bach and Kotlikoff (1987), except for the fact that the consumer faces idio-
syncratic interest rate uncertainty. The model is used to analyze how in-
creasing uncertainty about the future interest rate affects the economy -
in a sense this is a wider question than asked by Basu et al. (2001), that
concentrate on the effects on the labor supply and unemployment, and it
sheds some light on the issues addressed in Phelps (1962) and Levhari and
Srinivasan (1969). The present computations are carried out in a general
equilibrium as well as a partial equilibrium framework - this is another nov-
elty compared to the partial equilibrium approach in Basu et al. (2001).
In addition our multi-period formulation introduces the opportunity for the
consumers to take action ex post (i.e. adjust their labor supply after the
state of the world is revealed).

With a model specification similar to Auerbach and Kotlikoff (1987) ex-
tended with interest rate uncertainty, the simulations show that increased
uncertainty means a higher labor supply. The extra hours of labor are sup-
plied by very old consumers who have been ”unlucky” with their savings,
and who choose to supplement their interest income with income from the
labor market. With the two-period model suggested by Basu et al. (2001)
these consumers would not have been given this opportunity, since old agents



by assumption are excluded from the labor market. The simulations also
show that it is not unimportant whether a partial or a general equilibrium
model is used. Increasing uncertainty means both lower capital stock and
lower labor supply - however the capital stock decreases relatively more than
the labor supply, and therefore becomes a relatively scarcer factor. In gen-
eral equilibrium this influences the factor price ratio, and means relatively
higher interest rates - which causes savings to increase relative to the par-
tial equilibrium. Thus the simulations show that a classic two-period partial
equilibrium model is not well suited to analyze problems of this kind - the
simplifications necessary are not innocent, and more satisfactory results can
be obtained with a multi-period computable general equilibrium model.

This paper is organized as follows. Section two describes the model used
- a fairly standard general equilibrium model, except for the uncertain in-
terest rate. Section three presents simulations with the model, and section
four presents some sensitivity analysis of these results. Finally section five
contains a discussion of the results and the implications.

2 Model

The model used by Basu et al. (2001) is as previously mentioned a two-
period model. In the first period the consumer, who derives utility from
consumption and leisure, chooses how much to work and how much to con-
sume - and saves the residual. In the second period the stochastic interest
rate is revealed, and the consumer receives interest income from these sav-
ings. By then the consumer is assumed to be retired and cannot supply
labor - the only activity for the consumer is to consume the savings plus
accrued interest (the latter being stochastic). The stochastic interest rate
influences the consumer’s labor supply decision in the first period; perhaps
he would like to increase his savings for the second period as a buffer against
potential low returns on the savings - which would force him to increase his
labor supply in the first period. But it could also happen that a consumer
faced with a uncertain return on savings will choose to save less, and enjoy
consumption with certainty in the first period.

Unfortunately a two-period framework is not well-suited for any realistic
analysis of this issue. The main problem is that the consumer, by assump-
tion, cannot supply labor in the last period - and that this last period is



half of the model!'. As pointed out by Bodie, Merton and Samuelson (1992)
the flexibility to alter labor supply is valuable to the consumer, and loosing
this flexibility makes the consumer overly - and unrealistically - sensitive
to changes in the interest rate, since all consumption in the last period is
based solely on savings (plus accrued interest) from the first period. When
both periods are equally long this overestimates the sensitivity to interest
rate uncertainty, since the consumer cannot take any corrective action in the
second period, and change his labor supply. In reality, consumers who have
a lower-than-expected capital income, can often choose to supply labor, even
when they are old. The efficiency of their labor supply may be lower than for
young people, but what is important here, is that they have the opportunity
to alter their labor supply after the size of the interest rate becomes known.
In other words labor supply can be used to smooth earnings even after the
realized interest rate is revealed.

In the type of model presented here, where labor can be supplied in every
period, labor income can be used to compensate low capital income after the
state of the world is revealed (i.e. ex post). This is a different effect (and new
effect relative to Basu et al. (2001)) than the hedging consumers perform
ex ante, i.e. before the new information becomes available (precautionary
behavior).

2.1 The consumer’s problem

The economy is populated with overlapping generations of consumers. Con-
sumers live for 55 periods, and face no lifetime uncertainty. The represen-
tative consumer has a CES-type life-time utility function
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where v is the consumer’s intertemporal elasticity of substitution, 6 is dis-
count rate, and wu; is an annual utility function. The annual utility function
over consumption and leisure is defined by the CES index

U; =

_ _ 1/(1-1/p)
[Cz(l 1/P)+al§1 1/9)] P (2)

where ¢; is consumption in period ¢, [; is leisure enjoyed in period ¢, and
where « represents the household’s preferences for leisure relative to con-

'Tn the sense that half of the consumer’s life-time utility is derived in this period.



sumption, and p being the intratemporal elasticity of substitution between
leisure and consumption.

The stochastics enter the model through the interest rate on savings. Whereas
the interest rate in the Auerbach and Kotlikoff model is assumed to be a
constant, r, the interest rate in the present model is stochastic - the realized
interest rate for a consumer in period ¢ is r;. This means that the ex post
budget constraint for the consumer is just the discounted stream of future
income after taxes minus consumption, which can be written as:

55 7
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where r; is the interest rate when the consumer is j years old, w is the stan-
dardized wage rate, (1 — ;) is the labor supply, and e; is the age-dependent
productivity profile?, and 7 is the average tax on labor income (that is pro-
portional throughout).

The solution to the consumers problem (maximize (1) subject to the budget
constraint (3)) is denoted the consumption level c}, the choice of leisure [7,
and the optimal end-of-period asset-holdings a;f.3 Technically the problem
is solved using dynamic programming, and the equivalent model formulated
as a dynamic programming problem is described in the appendix (here the
problem is also described more rigorously).

There is no aggregate uncertainty - the interest rate risk is idiosyncratic.
This means that even though the individual consumer does not know his
interest rate in the next period, then the distribution of interest rates for the
economy as a whole is known (but in equilibrium it is of cause endogenously
determined). Uncertainty therefore only exists on the individual and not
on the aggregate level - here the law of large numbers apply. However,
uncertainty will influence aggregate variables thought its impact on micro
behavior.

>The age-dependent productivity profile is hump-shaped, and is described in the later
sub-section on calibration.

3Notice that we have not defined the end-of-period asset-holdings here: it is implicitly
defined in the budget constraint (equation 3) and is given by the equation of motion:

aj = (A +ra)aj1+w@—1lj)e —cj — 7lragj1 +w(l — 1) ]



2.2 The rest of the economy

The production side is identical to Auerbach and Kotlikoff (1987). There is
a single good, that is produced using capital and labor subject to a constant-
returns-to-scale technology. Production takes place using the CES produc-
tion function:

1/(1-1/0)
Y (K,L)=A [eK(lfl/o) +(1—e) LAt/ /A-1/ @

where K and L are capital and labor in the period, Y is output, A is a
scaling constant, € is a capital-intensity parameter and o is the elasticity of
substitution between K and L.

Since we assume no adjustment costs in K or L, we have the standard result
that the gross wages must equal the marginal revenue product of labor (both
measured in efficiency units):

1/(1-1/0)
w=(1-¢€) A [GK(l_l/") +(1—¢) L(l_l/”)] /ey LY (5)

and the interest rate (in the closed economy) equals the marginal revenue
product of capital:

1/(1-1/0)
= A [EK(l—l/a) Y (1—e L(l—l/g)] /A=1/ oy

7 (6)
Notice that the output price is numeraire and there is no depreciation.

The government sector is kept very simple. Government revenue is raised
by taxation of labor income, and by taxation of capital income. As in the
Auerbach and Kotlikoff (1987) model, government revenue is consumed and
not recycled - and this will also be assumed in the base case simulations
here?. In other words we do not use the assumption that is popular in
the public finance literature that the revenue is redistributed back to the
consumers.

2.3 Interest rate stochastics

As described above the interest rate is stochastic. As a simplification we
assume that the interest rate each period can take one of three values: low,

*Notice that utility from government consumption does not enter the utility function
directly. However it can be thought of as a component that is additively separable and
kept constant (and therefore not modelled explicitly).



medium and high. This variability is not generated from the production
side of the economy, but can be thought of as an exogenous disturbance
with the following ad-hoc argument. Suppose firms rent the physical capital
from the consumers in return of interest payments on the amount of capital
borrowed. But (for some unspecified reason - for instance that the checks
with payments get mixed up in the mail) these interest payments end up
being distributed somewhat random to the consumers: two consumers who
both borrow the firm 1 dollar do not necessarily receive the same interest
payments. This specification is very ad-hoc, but has one major advantage:
there is no need to introduce anything non-standard in the production side
of the economy, which makes results easier to understand.

In the default case analyzed below the return in each of the three states
are r (1 —n),r and r (1 4+ n) (where r is the deterministic interest rate that
enters the producer’s problem). If n = 0 this means that the consumer
receives the same interest rate in each state - i.e. there is no uncertainty.
If for instance 7 = 0.1 this means that a consumer who realizes the low
return on his savings get 90% of the interest rate that the consumer in the
medium category receives (per unit of capital rented). The missing 10% in
this case end up with the lucky consumer who receive an interest rate in
the high category. In all simulations in this paper the probability that the
consumer ends up in the low category is the same as the probability that
the consumer ends up in the high category; this means that the ”missing
payments” to the consumer in the low category equals what the consumer
in the high category receives extra.

In the simulations below the probability of ending in each of the three states
is exogenously set to 0.25, 0.50 and 0.25. The probabilities are the same
in every period, and independent of the previous period’s realization - in
other words the stochastic process has no memory (this differs from the
autoregressive process used in the previous chapter). The size of 7 is also
set exogenously - the value of 1 does not influence the expected return on
savings, but increasing 7 implies a mean-preserving increase in variance. In
the general equilibrium simulations of cause r, as well as w, are endogenous
- and exogenous in the partial equilibrium simulations.

10



2.4 Calibration

This section describes how the model is calibrated, and how the steady-
state is calculated. To get baseline results that are close to Auerbach and
Kotlikoff most of their parameters are chosen. The only differences to the
A-K set-up is that interest rates differs between consumers..

For the age-dependent productivity, e;, we use the same equation for pro-
ductivity over the life-cycle as Auerbach and Kotlikoff (1987) which in turn
originate from a cross-sectional regression study by Welch (1979). This
hump-shaped profile gives an earnings profile that peaks at age 30, (corre-
sponding to an actual age of 50) at wages that are 45 percent higher than
at age 1 (corresponding to 21 years). For the household’s intertemporal
elasticity of substitution, v, we use v = 0.25 , and the one-period discount
factor, 5 = ﬁio.%a For the taste parameter reflecting the joy of leisure,
a, we use Auerbach and Kotlikoff’s value of @ = 1.5, and the elasticity of
substitution between leisure and consumption, p, is set to 0.8.

Since the production side is identical to Auerbach and Kotlikoff, we use the
same parameters as them: the elasticity of substitution: o = 1.0 (Cobb-
Douglas), the capital intensity parameter: ¢ = 0.25, and the production
function constant: A = 0.893. In all simulations in this paper there is a
15% proportional tax on labor and capital income - once again this level of
taxation is similar to Auerbach and Kotlikoff (1987).

3 The Effects of an Uncertain Interest Rate

Table 1 on the next page compares various key information for the different
economies under consideration; economies that differ only (as far as exoge-
nous variables are concerned) in the size of the interest rate uncertainty: the
value of 1. A value of n = 1.0 means that the unlucky consumer in the low
category gets no interest payments at all, whereas the lucky consumer (in
the high category) receives double interest payments. The table shows the
size of production, consumption, leisure, labor supply and capital stock, the
utility for a newborn agent as well as the factor price ratio.

11



partial equilibrium Standard 7n=0.25 7n=0.50 7n=0.75 7=1.00

Production 100 99.936 99.750 99.436  99.012
Capital stock 100 99.853 99.405 98.634 97.613
Labor supply (units) 100 99.964 99.865 99.705  99.482
Leisure 100 99.986  99.937 99.856  99.748
Avg. Labor eff. 100 99.938 99.747 99.436 99.014
Factor prices (w/r) - held constant -

Utility 100 99.985 99.940 99.865 99.762

Table 1. Partial equilibrium (Index: no uncertainty=100 (i.e. n = 0)).

Note that with the default calibration of the model, suggested by Auerbach
and Kotlikoff (1987), the partial equilibrium simulations implies that capital
stock goes down as the variability in the interest rate goes up. Leisure goes
down, which means that labor supply in hours goes up. At the same time
labor supply in efficiency units goes down. This combination is possible
because the average labor supply efficiency goes down as well, which will
be illustrated in the next section. Thus consumers’ utility decreases both
because of decreasing leisure and because of the decrease in production (and
hence in consumption). Thus overall utility goes down as the variability in
the interest rate goes up.

Next consider the case when factor prices are allowed to respond to the
decrease in both savings and labor supply in a general equilibrium fashion:

general equilibrium Standard 7=0.25 7n=0.50 7=0.75 n=1.00

Production 100 99.922  99.733  99.447  99.060
Capital stock 100  99.835 99.498 98.908 98.363
Labor supply (units) 100 99.951 99.811 99.575  99.294
Leisure 100 99.994  99.968  99.930  99.853
Avg. Labor eff. 100  99.873  99.685 99.377  98.954
Factor prices (w/r) 100 99.885  99.684 99.332  99.064
Utility 100 99.969 99.894 99.768  99.624

Table 2. General equilibrium (Index: no uncertainty=100).

First notice that the factor price ratio is affected - the relative price on cap-
ital goes up (w/r decreases). This is caused by the relatively larger decrease
in the capital stock, compared to the size of the decrease in the effective
number of units of labor - therefore capital becomes relatively more scarce.
This change in the factor price ratio, towards making savings more reward-
ing, means that the decrease in the capital stock is smaller than in the

12



partial equilibrium framework. Conversely for labor supply: as the relative
return to labor declines there is a smaller decrease in leisure, which implies
a smaller increase in the number of hours worked. Compared to the partial
equilibrium case the net-effect is that the average consumer’s utility is lower
in the general equilibrium case.

Even though leisure decreases less in general equilibrium (which in isola-
tion would make the consumers better off under general equilibrium), then
production and hence consumption is lower under general equilibrium (and
this effect would in isolation make the consumers worse off under general
equilibrium).

3.1 Life-cycle effects

The simulations give an additional insight, illustrated in Figure 1, that shows
the optimal labor supply in hours for the representative consumer:

0,50

0,40

0,30 1

0,20 A

0,10 A

No uncertainty

------- Uncertainty (eta=1.0)

0,00

1 6 11 16 21 26 31 36 41 46 51

Figure 1: Labor supply when = 0 and when n = 1.0.

The figure shows the from Auerbach and Kotlikoff (1987) well-known hump-
shaped labor-supply profile over the life-cycle: when entering the labor mar-
ket the agents work 45% of their time (which Auerbach and Kotlikoff in-
terpret as 45 hours per week). This number increases over the next couple
of years and decline steadily thereafter - and agents retire after 52 years
in the labor market. The full line represent the case without uncertainty -
corresponding to Auerbach and Kotlikoff. The dotted line shows the general
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equilibrium model when uncertainty enters the model, i.e. the case where
n > 0. Since the stochastic model does not have one representative con-
sumer, but a large number of different consumers®, the average value per
generation is shown.

The figure explains the puzzling result mentioned above: under uncertainty
the labor supply in hours increase, but goes down when measured in effi-
ciency units (i.e. when taking into account that labor at different ages have
different productivities). Figure 1 above shows why: on average consumers
move their labor supply from the early years to just before their live horizon
finish - this represents a move to labor supply when less productive. The
figure clearly shows why disallowing labor supply by assumption in a part of
the life - as in Basu et al. (2001) - is an assumption that affects the results
and that cannot be considered innocent. The simulations show that the op-
timal choice of consumers on average IS to increase their labor supply when
old in response to increasing variability in the interest rate - and that one
likely introduces a systematic bias when using a two period model where
labor supply is disallowed in the last period. One would expect that very
rich consumers lowered their labor supply, but the result is not symmetric:
rich consumers are (as everyone else) impatient, and try to run their assets
down - and are therefore not so rich during the final years.

3.2 The value of labor supply flexibility

As pointed out in the real-options literature & la Dixit and Pindyck (1994)
flexibility has value. In this subsection we want to quantify the importance of
this labor supply flexibility in a model with a stochastic interest rate. This
is done through simulations where consumers are forced into retirement -
these simulations can then be compared to simulations where labor supply
in the final periods of the consumer’s life is unrestricted.

In Auerbach and Kotlikoft’s 55-period model without interest rate uncer-
tainty, agents choose to retire from the labor market (i.e. not to supply
labor) in the final 3 periods. This is an optimal choice by the consumers
(in the absence of uncertainty) and imposing forced retirement in the final
3 periods have no consequences, since this would merely be a non-binding

°In the first period everyone are identical since they have not been subject to any
uncertainty. When period two begins there are now 3 possible histories for the consumers
(they can have received a low, medium or high interest rate), when period three begins
there are 9 types of consumers with different histories etc.

14



constraint. However, as Figure 1 above illustrated this is not the case when
the interest rate is uncertain - in this case it iS optimal to work for some
individuals in the final 3 periods. Imposing a forced retirement on these
individuals gives a welfare loss, and the question is how big this loss is.

To investigate this we impose a constraint on the solution to the consumer’s
problem, that restricts labor supply to zero in the final 3 years. In the
benchmark where the interest rate is certain, this has no impact, but will
of cause influence the equilibria when the interest rate is stochastic. Table
3 below shows the results of the simulations:

general equilibrium Standard 7=0.25 7n=0.50 7n=0.75 7=1.00

Production 100 99.927  99.722  99.392  98.945
Capital stock 100 99.861 99.509 98.956  98.208
Labor supply (units) 100 99.949 99.793  99.538  99.192
Leisure 100 99.997  99.988 99.971 99.944
Avg. Labor eff. 100 99.944  99.770  99.485  99.087
Factor prices (w/r) 100 99.912  99.715 99.414  99.008
Utility 100 99972 99.898 99.779  99.613

Table 3. General equilibrium with 3 years forced retirement (Index: no
uncertainty=100).

The table above should be compared to Table 2 that shows the case without
forced retirement. In the presence of the constraint, labor supply in hours
increase a lot less, while it decreases more measured in efficiency units. In
other words the average efficiency of the labor goes down, but less than was
the case without forced retirement; this is because the old (with productivity,
e;, that is lower than average) are prevented from supplying labor. At the
same time the capital stock decreases relatively more - in total this means
that production decreases more than without the retirement constraint.

Overall utility for an average newborn is - not surprisingly - lower when the
consumer is forced to retire. Compared to the unconstrained case it drops
3 percent (not percentage points) when uncertainty increases (n goes from
0 to 1) - this number represents the value of labor supply flexibility for the
consumer.

15



4 Sensitivity Analysis

Obviously the results in the previous sections depend on the specification
of the model, as well as the set of parameters used. This section examines
how robust the obtained results are to selected changes in the set-up. A
thorough sensitivity analysis would require trying many combinations of
different parameter values and alternative specifications of the model (for
instance the choice of functional forms in the utility function). However,
this task is prohibitive, and in line with the standard in CGE-modelling we
will restrict the attention a subset of the important parameters.

In this case two elasticities will be analyzed: the intertemporal elasticity
of substitution, as well as the elasticity of substitution between leisure and
consumption. These two elasticities play an important role for different rea-
sons. The intertemporal elasticity is important in determining how utility at
different ages substitute each other. On the other hand the substitutability
between leisure and consumption also plays an important role: the easier
it is for the consumer to substitutes leisure and consumption (i.e. a high
elasticity) the less will variability in either consumption or leisure affect each
period’s utility.

In the baseline simulations we used Auerbach and Kotlikoff’s value for the
household’s intertemporal elasticity of substitution, v = 0.25. Below ex-
periments will be carried out where v = 0.1 and v = 0.5. In the baseline
simulations the elasticity of substitution between leisure and consumption,
p, was 0.8, and the table below presents experiments with two cases when
p = 0.3 and p = 1.5. Again this choice of values is the same as the sensitivity
analysis in Auerbach and Kotlikoff (1987), and spans quite a wide range for
the two parameters, v and p. Table 4 below presents the effects of increasing
n from 0 to 1.0, and results are reported as index relative to the situation
where n = 0 (i.e. the value 98.754 in the production column when v = 0.1,
means that production goes down with 1.246 percent when the variability
in the interest rate goes from 7 = 0 to n = 1). The column with the label
Default contains the same values as the last column in table 2.
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Alternative specifications
general equilibrium Default v=01 ~4=05 p=03 p=15

Production 99.060 98.754  99.076  98.935  98.990
Capital stock 98.363  98.598 98.324 98.176  98.359
Labor supply (units)  99.294  98.806 99.328  99.190  99.202
Leisure 99.853 100.009 99.914 99.947  99.970
Avg. Labor eff. 98.954  99.823  99.168 99.109  99.133
Factor prices (w/r) 99.064 99.790 98.990 98.983  99.150
Utility 99.624  98.801 99.915 99.552  99.704

Table 4. Sensitivity analysis for n = 1.00 (Index: no uncertainty=100).

The table shows that the results are reasonably robust to the relatively large
changes in the intertemporal elasticity of substitution and the elasticity of
substitution between leisure and consumption. The general results from
before hold: interest rate variability makes capital stock as well as labor
supply go down. As expected interest rate variability hurts the consumer
less when the elasticities of substitution (both y and p) are high: the decrease
in utility is lower when v = 0.5 or p = 1.5. When the intertemporal elasticity
of substitution is very low (v = 0.1), the consumer experiences a drop in
welfare of 1.199%, compared a decrease of 0.376% in the standard case -
and when the elasticity is very high (v = 0.5) the decrease in welfare is only
0.085%.

5 Summary

This paper has examined the effects of introducing an idiosyncratic interest
rate risk in a CGE-model. A multi-period model & la Auerbach and Kot-
likoff (1987) with idiosyncratic interest rate uncertainty was introduced, and
simulations were performed to compare the model’s performance with the
two-period partial equilibrium used by Basu et al. (2001). The obtained re-
sults were also compared with a model where consumers in their final years
were forced to retire and not allowed to participate in the labor market.

The simulations showed that increased uncertainty means that the con-
sumers work more hours. This extra labor was primarily supplied by old
agents who had been ”unlucky” with their savings - and who chose to sup-
plement their capital earnings when old with labor income. This turned out
to be an important effect, that by definition is excluded using the two-period
framework of Basu et al. (2001); the consumers were given the opportunity

17



to adjust their labor supply ex post in response to new information becoming
available, as well as the opportunity to hedge ex ante (a precautionary mo-
tive). This illustrates the point made by Bodie et al. (1992), that flexibility
in the labor supply has value to the consumers.

The simulations also show that it is not unimportant whether a partial or a
general equilibrium model is used. Increasing uncertainty means both lower
capital stock and lower labor supply - however the capital stock decreases
relatively more than the labor supply, and therefore becomes a relatively
scarcer factor. In general equilibrium this influences the factor price ratio,
and means relatively higher interest rates - which causes savings to increase
relative to the partial equilibrium. Thus the simulations show that a clas-
sic two-period partial equilibrium model is not well suited to analyze the
impacts of a stochastic interest rate, and that more realistic results can be
obtained with a real life-cycle computable general equilibrium model.

18



Appendix: Dynamic Programming representation of the consumer’s
problem

This appendix presents the consumer’s problem using dynamic program-
ming - which is the method applied when solving the model using numeric
dynamic programming. See Petersen (2001) (as well as Bertsekas (1995)
and Ljungqvist and Sargent (2000)) on how to solve dynamic programming
problems in practice.

A recursive formulation

In each period the consumer’s interest rate in revealed - it can take one of
a finite number of values. This set of values is called d, and contains in
present simulations three elements: low, medium and high. The recursive
maximization problem for a representative consumer with the start-of-period
assets aj_1, who in this period will receive interest rate rq (the category d
interest rate) is given by:

V}(aj—l,d)z{_n}fdx_} (e )Y+ 8> mViaa (a5,0) | (7)
CjHty aj b

with the budget constraint:

aj=(1+rg)aj—1+w(l—1)e;—cj—Tlrgaj—1 +w(l—1)e;] (8)

where the agent is subject to the liquidity-constraint, the consumption-
constraint and the leisure constraint:

aj = 0 (Vj) 9)
¢ = 0 () (10)
L 2 ;20 (V)) (11)

where

a; is the end-of-period assets, e; is the productivity for an individual j years
old, ¢; is the consumption in period j, [; is the leisure enjoyed by generation
4, v is the household’s intertemporal elasticity of substitution, § is the one-
period discount factor, 73, is the probability that next period’s interest rate
is in category b 6, 74 is the realization of the interest rate in the current
period, w is the wage. Since taxes are proportional 7 times current income
is the taxes due, and are subtracted.

This implies that Y, m = 1.

19



Solving the consumer’s problem

The optimization problem facing an individual is one of finite-state, finite
horizon dynamic programming - a Discrete Time Discounted Markov Deci-
sion Process. The decision rules can be found by backwards recursion from
the last period of life. Since consumers are born without any assets, every-
one face an identical problem in the first period of their lives - not until the
second period will the return on savings differ between agents.

20



References

Auerbach, A. and Kotlikoff, L. (1987), Dynamic Fiscal Policy, Cambridge
University Press.

Basu, P., Gosh, S. and Kallianiotis, I. (2001), ‘Interest rate risk, labor supply
and unemployment’, Economic Modelling 18, 223-231.

Bertsekas, D. P. (1995), Dynamic Programming and Optimal Control, Vol-
ume 1, Athena Scientific.

Bodie, Z., Merton, R. C. and Samuelson, W. F. (1992), ‘Labor supply flex-
ibility and portfolio choide in a life cycle model’, Journal of Economic
Dynamics and Control 16, 427-449.

Dixit, A. and Pindyck, R. C. (1994), Investment Under Uncertainty, Prince-
ton University Press.

Levhari, D. and Srinivasan, T. (1969), ‘optinal savings under uncertainty’,
The review of Economic Studies 36, 153-163.

Ljungqvist, L. and Sargent, T. J. (2000), Recursive Macroeconomic Theory,
MIT Press.

Petersen, T. W. (2001), An introduction to numerical optimization methods
and dynamic programming using C++. Unpublished Working Paper.

Phelps, E. S. (1962), ‘The accumulation of risky capital: A sequential utility
analysis’, Econometrica 30, 729-743.

Welch, F. (1979), ‘Effects of cohort size on earnings: The baby boom babies’
financial bust’, Journal of Political Economy 87, S65-97.

21









TheWorking Paper Series

The Working Paper Series of the Economic Modelling Unit of Statistics Denmark
documents the development of the two models, DREAM and ADAM. DREAM
(Danish Rational Economic Agents Moddl) is a computable general equilibrium
model, whereass ADAM (Aggregate Danish Annual Model) is a Danish macro-
econometric model. Both models are among others used by government agencies.

The Working Paper Series contains documentation of parts of the models, topic
booklets, and examples of using the models for specific policy analyses. Further-
more, the series contains analyses of relevant macroeconomic problems — analyses
of both theoretical and empirical nature. Some of the papers discuss topics of
common interest for both modelling traditions.

The papers are written in either English or Danish, but papers in Danish will contain
an abgtract in English. If you are interested in back issues or in receiving the
Working Paper Series, please call the Economic Modeling Unit at (+45) 39 17 32
02, fax us at (+45) 39 17 39 99, or email us a dream@dst.dk or adam@dst.dk.
Alternatively, you may vist our Internet home pages at http://www.dst.dk/adam or
http://www.dst.dk/dream and download the Working Paper Series from there.

The views presented in the issues of the working paper series are those of the
authors and do not constitute an official position of Statistics Denmark.

The following titles have been published previoudy in the Working Paper Series,
beginning in January 1998.

kkkkkkkkkkkkhkkkhkkhkk

19981 Thomas Thomsen: Faktorblokkens udviklingshistorie, 1991-1995. (The
development history of the factor demand system, 1991-1995). [ADAM]

19982 Thomas Thomsen: Links between short- and long-run factor demand.
[ADAM]

19983 Toke Ward Petersen: Introduktion til CGE-modeller. (An introduction to
CGE-modelling). [DREAM]



1998:4

1998:5

1998:6

199911

1999:2

1999:3

1999:4

2000:1

2000:2

2000:3

2000:4

Toke Ward Petersen: An introduction to CGE-moddling and an illugtrative
application to Eastern European Integration with the EU. [DREAM)]

Lars Haagen Pedersen, Nina Smith and Peter Stephensen:  Wage
Formation and Minimum Wage Contracts. Theory and Evidence from
Danish Panel Data. [DREAM]

Martin B. Knudsen, Lars Haagen Pedersen, Toke Ward Petersen, Peter
Stephensen and Peter Trier: A CGE Analysis of the Danish 1993 Tax
Reform. [DREAM]

* * x k* %

Thomas Thomsen: Efterspergslen efter produktionsfaktorer i Danmark.
(The demand for production factors in Denmark). [ADAM]

Asger Olsen: Aggregation in Macroeconomic Modes. An Empirical
Input-Output Approach. [ADAM]

Lars Haagen Pedersen and Peter Stephensen: Earned Income Tax Credit
in a Disaggregated Labor Market with Minimum Wage Contracts.
[DREAM]

Carl-Johan Dagaard and Martin  Rasmussen: Lgn-prisspirder og
crowding out i makrogkonometriske modeller. (Wage-price spirds and
crowding out in macroeconometric models). [ADAM]

* * x * %

Lars Haagen Pedersen and Martin Rasmussen: Langsigtsmultiplikatorer i
ADAM og DREAM - en sammenlignende analyse (Long run multipliers
in ADAM and DREAM — a comparétive anaysis). [DREAM]

Asger Olsen: General Perfect Aggregation of Industries in Input-Output
Models [ADAM]

Asger Olsen and Peter Rarmose Jensen: Current Price ldentities in
Macroeconomic Models. [ADAM]

Lars Haagen Pedersen and Peter Trier: Har vi rad til velfeadsstaten? (Is



2000:5

2001:1

2001:2

2001:3

2001:4

2001:5

2001:6

the fiscal policy sustainable?). [ DREAM]

Anders Due Madsen: Velfaardseffekter ved skattesaakninger i DREAM.
(Welfare Effects of Tax Reductionsin DREAM). [DREAM]

* k * * %

Svend Erik Hougaard Jensen, Ulrik Nedgaard and Lars Haagen
Pedersen: Fiscd Sustainability and Generational Burden Sharing in
Denmark. [DREAM]

Henrik Hansen, N. Arne Dam and Henrik C. Olesen: Modelling Private
Consumption in ADAM. [ADAM]

Toke Ward Petersen: Generad Equilibrium Tax Policy with Hyperbolic
Consumers. [DREAM]

Toke Ward Petersen: Indivisible Labor and the Welfare Effects of Labor
Income Tax Reform. [DREAM]

Toke Ward Petersen: Interest Rate Risk over the Life-Cycle: A Generdl
Equilibrium Approach. [DREAM]

Toke Ward Petersen: The Optimal Level of Progressivity in the Labor In-
come Tax in a Model with Competitive Markets and Idiosyncratic Un+
certainty. [DREAM]



